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On a multiscale continuous percolation model
with unbounded defects

M.V. Menshikov, S.Yu. Popov? and M. Vachkovskai&?

Abstract. We study the multiscale (fractal) percolation in dimension greater than or
equal to 2, where the model at each level is the Poisson Boolean model 1, p]. Also,
the random radius p is supposed to be unbounded. We provethat if the rate A of Poisson
field islessthan somecritical value, then by choosing the scaling parameter large enough
one can assurethat thereis no multiscale percolation. Another result of this paper isthat
if the expectation of p2*¢ isfinite, then the expectation of the size of the cluster raised
to the power « is aso finite for small A, which is a generalization of one of the results
of [8].
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1 Introduction and results

In this paper we study the multiscal e percolation of unbounded Poisson Boolean
modelsin thedimensiond > 2.

The Poisson Boolean model is probably the most famous example of contin-
uum percolation models. It may be described in the following way: First, take
arealization of the Poisson field with rate A > 0inR¢. Then, into each point of
thefield put aball of random radius p independently of everything. The object of
interest isthe union of all those balls. Modelswith balls substituted by defects of
arbitrary shapes also were studied (cf. [8, 16, 21, 22]). A completereview of the
subject can befound in[11]; cf. alsoin[1, 6, 19, 20] some recent devel opments.

Themaingoal that wepursueinthispaper isto obtai n an extension of theknown
results for bounded models to the case of unbounded models (which is usually
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rather non-trivial task inthe percolationtheory). Let usexplainthisinmoredetail.
For the Poi sson Boolean model, the casewhichisbest studiediswhen p < const
a.s. When p is unbounded, some “strange”’ situations, which contradict to the
discrete percolation intuition, are possible. For example(cf.[8]), if Ep%~! < oo
and Ep?? = oo, then for A small enough there are no infinite clusters almost
surely, while the expected size of the cluster isinfinite, i.e. the critical points do
not coincide. Evenif p, forinstance, hasexponential tail, theclassical percolation
results, such as coincidence of critical points, exponential decay of the size of the
cluster in the subcritical phase etc. are unknown. In particular, the quantity A,
(defined below) may be different from the “ classical” critica points, such as, for
example, the critical rate A, which separates percolation from the absence of
percolation. Therefore, Theorem 1.2 below (which is a generalization of one of
the results of [8]) is of independent interest.

In percolation theory some interest was attracted by the problems which arise
when the percolation model is formed by the following procedure. Some ran-
dom set is rescaled (probably, more than once), and the result isin some sense
superpositioned with theindependent copy of the original random set. First such
model was introduced by Mandelbrot [10], and extensively studied later on, cf.,
for example, [2, 3, 4, 13, 14, 15, 17]. Continuum models of such kind aso
attracted some attention, cf. [5, 11, 12, 14, 18, 20]. All the papers cited above
study models with bounded defects; here we consider the situation when the
model of each level contains the defects of arbitrarily large size. The main goal
of this paper is to abtain a generalization of Theorem 1.1 of [14] to the case 0s
unbounded defects. Asnoted above, in this case the study of percolation models
is indeed much more difficult, and in fact the attempt to use the method of [14]
straightforwardly fails.

Now, let us describe the model of interest. Consider Poisson Boolean model
Mo = [A, p] (seein[11] the definitions and some genera theory), where A > 0
is the rate of Poisson field and p > 0 is the random radius. Here and in the
sequel double square brackets [+, -] stand for a Poisson Boolean model. Also,
U[-, -] c R denotestheunion of all ballswith positive radiusin the mode!, and
X[+, -] denotesthefield of the centersof thoseballs. We construct the multiscale
Poisson Boolean model in R¢ in the following way. Fix R > 1. Level-i model
isM; = [[ARY, pR~'], where the Poisson point process and the radii of the
balls areindependent of what happenson al other levels. Theballsfrom :M; are
called level-i balls. Denote U = U(M;). The object of interest isthe random
set U = U U™, Say that in this model percolation occurs if almost surely
there exists a continuous path y : R — U, such that y is hot contained in any
finite box.
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Denote
p(n) = PUP©) > n}, and
O(p) = {A>0:9m) =o0n?,n— o0} CRy,

where U © (0) denotes the connected component from U © which contains 0 and
|U©@(0)|| denotesits diameter.
We suppose that the following conditions are satisfied:

Condition A. Theset ©(p) isnot empty.
Let
Ap =1{SUPA : L € O(p)}.
Clearly, Condition A assuresthat A, > 0.

Condition B. Therandom radius p satisfies
0, 1)

with the convention 0/0 = 0, where F,(x) = P{p > x}.

Besides supposing that p has the tail which decreases rapidly enough, Condi-
tion B also requires someregularity of thedistribution of p. But thisrequirement
is not very stringent, for example, if

* thereexist y1, y» > 0 such that
exp(—y1x) < F,(x) < exp(—yzx), or
* thereexist C1, Co > 0, y > d such that

Cix77 < Fy(x) < Cox™7, or

* p has Poisson distribution,

then Condition B is satisfied. Note that any bounded random variable p aso
satisfies Condition B.

Our main result is the following

Theorem 1.1. If Conditions A, B are satisfied, then for any 1 < X, there
exists Ro = Ro() such that for all R > Rg there is no percolation in the set U.

Note that the set R? \ U has the L ebesgue measure 0, but Theorem 1.1 shows
that it may be the case that thereis no percolation in the set U.
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Remark. Supposethat p = 1 as. Then, we have the results about the coinci-
dence of the critical points and the exponential decay of the size of the cluster
(cf. [16]), so ConditionA holdsand A, = A.,. Asnoted above, Condition B also
holdsin this case. Thus, Theorem 1.1 indeed generalizes Theorem 1.1 of [14].

It is important to mention that the verification of Condition A may be very
difficult, because it involves the properties of the whole cluster, not just the
single radius distribution p. For example, one of the results of [8] implies that
if Ep = oo, then | U@ (0)|| = oo as. for any A > 0. Nevertheless, note that if
EIU©@(0)]9t! < oo, then Chebyshev inequality implies that

PUIUQ©O) > n} = O(n~“"™D),

and so Condition A is satisfied. Then, we prove the following result, which may
be of independent interest. It isageneralization of one of the results of [8] where
the case @« = 1 was considered.

Theorem 1.2. If Ep?¢ < oo for some o € N, then there exists Ao > O such that
ENU@0)|* < oo forall A < Aq.

Thus, for Condition A to hold, Theorem 1.2 implies that it is sufficient that
EpXd+D < oo,

2 Proof of Theorem 1.1

Denote U, = U"_,U". Let S,, C RY be the sphere of radius m centered at 0.
Following [14], to prove the absence of percolationin U it is sufficient to prove
that the sets U,, arein the subcritical phase uniformly inn, i.e.

P{there exists a path connecting 0to S, in U,,} < €., ()]

where ¢,,,, — O uniformly inn asm — oo. Fix some n and consider the
percolation problemin U,.

Definition 2.1. We say that one Poisson Boolean model [[A1, p1] is dominated
by another Poisson Boolean model [z, p2]] when it is possible to couple them
in such a way that ‘U[[11, p1] € U[A2, p2].

We need the following

Lemma 2.1. Let [[A1, p1]] and [[12, p2]] be two Poisson Boolean models. If o4,
02 are such that

2y () < Aok (x) 3
for all x > 0, than [[11, p1]] is dominated by [[12, o]
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Proof. Notethat wecan makei; = A, by enlarging the smaller of the lambdas
and adding the positive mass in 0 to the respective p. It can be easily seen that
this does not affect the validity of (3) (if A isenlarged up to A*, then for x > 0
F (x) issubstituted by F*(x) = F(x) sothat A F(x) = k*F*(x)) So, without
loss of generality, suppose that )q = A2 =: A*, and thus

Fp(x) < Fpy(x) 4

for dl x > 0. The rest of the proof is quite standard. Having the configuration
X1, X2, ... Of Poisson point process with rate A* consider the sequence of inde-
pendent random variables ¢;, i = 1, 2, ..., uniformly distributed in [0, 1]. Let
Fy =1~ ﬁpj denote the distribution function of pj, j = 1, 2. We define the
coupling of thetwo modelsby p; (i) = 1(g“,) where p; (i) istherealization of
therandomvariable p; atthepoint.x;, j = 1 2. Now, if p1(i) > p2(i), thenthere
exists y > 0 such that F, 1(;) >y > 21(4“,) that is, F,,(y) < & < Fu(y)
which contradicts (4). Thus, the proof of Lemma 2.1 is completed. g

For L > 0 denote p=f = pl{p > L} and p=L' = p — p=L. Note that
without loss of generality one can suppose that there exists ¢ > 0 such that
p € {0} U [a, +00) as. To show that, first, let us provethat [, o] isdominated

by
[ ppzie]

Indeed, by Lemma 2.1 it is sufficient to prove that

) P
WE(x) < A(l—i— Pip i) = (X) (5)
foral x > 0. As
A _ ﬁp(x), ifx >a,
Fpza(x) = { I:"p(a), if0<x <a, ©)

the inequality (5) trivially holds for x > a. For 0 < x < a we have P{p >
a}F,(x) < F,(a), whichisequivalent to

P{p < a}
P{o > a}

which proves (5). Now, asA < A,, choosing a small, one can make P{p < a}
small enough to assure that

A, = 4(1+ @,

A<1 P{p < a}
P{p > a}
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So one can consider p=¢ instead of p; it meansthat theradii of all the nontrivial
ballsin 4, p]] are greater or equal to a.

Choosee > 0,0 < @ < 1suchthat A + ¢ € ©((1 + a)p) (by the rescaling
argument, it is equivalent to (A + &)(1 4+ a)? € O(p)) and fix some ag < «,
Eo < €.

Lemma 2.2. If Condition B is satisfied, then there exists R, o, such that for any
R > R, the union of two independent Boolean models M; = [AR¢, pR~']|
and [(A +&0) RV (14 ap) p)=RR~(+D] is dominated by [ (A 4+ &) R™, (1+
ag)pR™,i=0,...,n—1

Proof. Note that Condition B implies that

RAFE -rj2(xR
lim sup Loz OR) @
R>0o 0 F,(x)
Indeed, as
. F,(xR), ifx>1/2,
Forp(xR) =1 F
pri2(XR) { Fy(R/2), if0<x<1/2 ®
we have

RIF,rp(xR) o RYF,(xR)

x>0 ﬁp(x) x>1/2 ﬁp(x)

Fixi € {0,1,...,n—1}. Denoteng := (L + ap)p)=X and n1 := (1 + ao)p.
Note that the model [(1 + £0)R'?, (1 + ag)pR~'] can be represented as the
union of two Poisson Boolean models: [AR, (14 ag)pR~'] and [eoR™?, (1 +
ag)pR~]. Clearly, M; is dominated by thefirst one, so it remains to prove that
[(A+e0) ROV (1+0ag) p)=RR~(*+D] isdominated by [egR™¢, (1+ag)pR~].
By Lemma 2.1 we need to prove that for all R large enough

(L + go)RUTVIF

noR—+D (X) =< EORlanlR—i (x),

for al x > 0. For this, it is sufficient to prove that

R4 2 —+1 (x)
- T mR 50
n R ()C)

uniformly inx, as R — oo.
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Dueto (7) and thefact that F,=xz > F =r/areo = Fi(11ag)p=r if @0 < 1, ONE
has
RIF,p-isn(x)  RIE,(R™*tx)
- =—01— -
mR-i (X) Fy (R'x)

uniformly inx, as R — oo. Lemma2.2 is proved. 0

0

Take R > R.yu,- Firgt, split [AR", pR™"] into two independent models
[AR™, p<RR="] and [AR"™, p=RR~"]. We apply the Lemma 2.2 to

IIAR(n—l)d, pR—(n—l)]] U IIARnd, szR—n]]
and obtain that it is dominated by
[+ e R (14 ag)pR™ V.
So, the model
[[)LR(nfl)d’ pr(nfl)]] U [[)\.Rnd, prn]]
is dominated by
[+ e R"™P, (L +a)pR™" T UAR™, p=¥R7"].

Obviously, [AR"?, p<RR~"] isdominated by [ (A +50) R"?, ((14+0g)p)<RR"].
In the same way we obtain that

[2R"24 pR=" DT UL + o) R" ™V, (1 + ag)pR™" ]
is dominated by
[ +e) R4 (14 ag)pR™ " 2T UL + )RV, (14 ag)p) KR,

and so on. Thus we get that the union of independent Poisson Boolean models

n

LHJM,» = JIR. pR™]
i=0

i=0

is dominated by

A+ €0), (14 ag)p] U <U [ + o) R, (L + ao)p)<RR7i]])’

i=1
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whereall then + 1 Poisson Boolean models areindependent aswell. Abbreviate
D@ = UL + )R, (1 + ap)p) “*R7'], X; := X[(A + e0)R™, (1 +
a)p)<FR™,i = 1,...,n,and D© = U[(\ + s0), (1 + ag)p]l, Xo :=
X[[(M + €0), (L + ag)p]]. Remember that X, -] denotes the set of Poisson
points which carry aball of positive radiusin the respective model. Take 8 > 0
suchthat (14 ag)(1+ 8) <1+ «, S0

A+ee®O((1+ap)@+ B)p). ©)]

Denote W% := U[(A + )R, 1+ B) (1 + ag)p)<RR~],i =1,... ,n and
WO = U[(A + &), A+ B L+ ag)p]. Also, let VO = U[(r + g0) R4, (1 +
B)(L+a0)p)<FR™],i =1,... ,nandV® := U[(A+e0), (1+8)(1+a0)p],
where V) uses the same Poisson points process X; as DY, j = 0,1,... ,n.
Note that V; isin fact D; expanded by the factor (1 + 8), j = 0,1,... ,n,
and V;-s are independent.

Fori =0,...,n — 1consider apartition of the space into the cubes with the
edge length a R~ /+/d, which we call level-i cubes. Note that the size of the
cube is chosen in such away that if there is a center of a ball from D@ inside
the cube, then the latter is completely covered by the ball.

From this point on, we use some ideas of [14, 15].

We define now passable sets Py, ..., P,_1, and good sets Go, ... , G,.

Definition 2.2. First, the good level-n set is defined by G, := D™. For the
level i < n, we say that level-i cube is passable if it has nonempty intersection
with some connected component of diameter greater than 228 R~ of the good
level-(i + 1) set G;,1. The passable level-i set P; is defined as the union of all
the passable level-i cubes. The good level-i set G, is defined by G; :== P,UV®,

Lemma 2.3. Percolation in U, implies percolation in G.

Proof. Aswe haveseen, U, isdominated by D™ U ..U D©. Usingthis, one
getsthat, to prove Lemma 2.3, it is enough to prove the following fact:

n k—1
(percolation in D(j)) = (percolation inG,u( J V(f’> (10)
j=0 j=0
fork =n,n—1,...,0(indeed, take k = 0in (10) to obtain the statement of
Lemma2.3).

We prove (10) by induction. First, for k = n, wehavethat G, = D™, so (10)
follows. Now, suppose that (10) holds for k + 1, let us proveit for k, i.e. let us

Bull Braz Math Soc, Vol. 34, N. 3, 2003
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prove that
k k-1
(percolation NGy U U V(f)) = (percolation inGy U U V<f)). (11)
j=0 j=0

Take any infinite continuous path y in Gy U V® U ... U VO, Consider
(Gis1 \ (DO U - .- U D®)) N y; it can be decomposed into finite or countable
number of connected segments y4, y», ... Take any y’ from that collection,
supposethat thetwo extremal pointsof it belongto D and D2, whereiy, i, <
k. There are two possibilities:

« diameter of i’ islessthan 2afR*; inthiscase y’ c V@ U V@),

« diameter of y’ isgreater or equal to 2a8R~*; inthiscase y’ is covered by
passable level-k cubes, so Yy’ C P.

In both cases we have
y cPUVOU...uvO =G, uv*«Dy...uvO,
which gives the proof of (11), and, consequently, of (10) and Lemma2.3. [

One of the main ingredients of the proof of Theorem 1.1 is the following

Proposition 2.1. If for fixed o, o, 8 the scaling parameter R is large enough,
then G; can be dominated by W%, i =0, ... ,n.

Proof. Let us prove the proposition by induction. Clearly, by Definition 2.2,
theset G, = D™ canbedominated by W™ . Suppose that the proposition holds
for level k + 1; let us proveit for level k.

Fix some level-k cube K. Denote§ = aR~*tV /\/d. Let

K5 = {x € RY : dist(x, K) < 8}

and choose some §-net N (K;) in Ks. Note that it is possible to choose this
8-net in such a way that card(N® (K5)) is proportional to R?, where card(A)
stands for the cardinality of the set A. We have

P{K is passable}
< P{thereexistsx € N®(Ks) which belongs to some connected
component of diameter greater than 2afR~* of G4} (12
< cad(N?(K)PIU* ()] > 2apR™)
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= cad(N?(Ks)P{IUP0)]| > 2aBR)}
< ¢RY%(R) =: ¥(R) = R%(R™%) =0(1), R — .
Note that, as

» we are interested (in the definition of passable cubes) in the connected
components of G, with diameter greater than 228 R~*, and

« the ballsfrom V*+1 have radiuslessthan (1 + )R,

denoting b := 2max{[28v/d], [2a~*(1+ B)v/d]} (recall that the edge of level-
k cubeisequal to aR~*/+/d), where [x] denotes the smallest integer greater or
equal than x, wehavethat if sometwo level-k cubeshaveat |east b cubes between
them, then those two cubes are passable or not independently. So, when ¢ (R) is
small enough, by the result of [9] we get that the random field of passable level-k
cubes can be dominated by Bernoulli random field with parameter o (R), and
this parameter can be made arbitrarily close to 0 by choosing R large enough.
Note that the choice of R dependsonly ond, A, &g, oo, but not on n.

Now, in its turn the Bernoulli random field with parameter o (R) of level-k
cubes can be dominated by the field of balls of radius a R~*, centers of which
form Poisson field in R? with rate ¢’ R*, and &’ can be made arbitrary closeto 0
by choosing R. Tojustify this, we consider the following coupling between the
above two fields. If, given a redlization of the Poisson fields of centers of the
balls, a given cube contains at least one point of the Poisson field, then the cube
is selected. Clearly, the states of the cubes are independent and

he cube i selected (L)

o (R) = P{the cubeis select }:1—exp<s (ﬁ) ) (13)
Notethat if the cube contains a center of the ball, then, as noted before, the cube
is completely covered by the ball, so the field of the cubes is indeed dominated
by thefield of theballs. Since by choosing R largewe can made o (R) arbitrarily
close to 0, we have that ¢’ determined by (13) will be arbitrarily close to 0 as
well. Take R such that ¢’ < ¢ — &o.

Thus, the good level-k set G is dominated by
VO U R, aR7H].

Ase’ < & —gowehavethat V® U [[¢'R¥, aR~*] is dominated by W®). The
proof of Proposition 2.1 is completed. O

The proof of Theorem 1.1 is now straightforward. By Lemma 2.3,
(no percolation in Go> = (no percolation in Un).

By the choice of ¢, «, ag and Proposition 2.1, the set G (and therefore U,,) isin
the subcritical phase uniformly in n. Thus, Theorem 1.1 is proved. g
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3 Proof of Theorem 1.2

First, note that it is sufficient to prove the theorem only in the case when p
takes only positive integer values. Indeed, if o takes values other than positive
integers, then consider the model where p is substituted by p;,; := [p], where
[x] denotes the smallest integer greater or equal than x. As p;,; < p + 1, itis
straightforward to get that if Ep?*¢ < oo, then Ep?? < 0o. ASp < pin, @
simple coupling argument applies.

For j =1,2,... denote p; = P{p = j}. If thereisaball of radius i, the
number of balls of radius j which have nonempty intersection with it (we denote
thisnumber by 1)) has Poisson distributionwithmean v /) := Am,(i +j) p;
(cf. [8]), where r,; isthe volume of d-dimensional unit ball. Now, following [8],
we are going to construct a multitype branching process Zg, 21, Z2, ..., Which
majorizes the percolation process. Here Z, = (Z3, Z2,Z3,...), where Z; is
the number of particles of type j (i.e., bals of radius j) in the n-th generation,
and Zg = ¢;, wheree; = (0,...,0,1,0...), with 1 on the i-th place. The
dynamics of the branching process is described as follows: each particle of
type i is substituted by »"/) particles of type j independently of all the other
particles, and the random variables /), j = 1,2, 3, ... are independent and
have Poisson distribution with mean ¢/,

Asin[8], we have

pij = En® =y < Cai? jp; (14)

for C = 2?7,. We are going to use the following simple fact: if 5 has Poisson
distribution with mean 1, then (see [7], Section 1.3)

k
En'=> By’ (15)

j=1
for somepositiveconstants Bj x, j = 1,... ,k,k =1,2... If A < 1, using (14)
and (15) we get

E(®")* < Cai* j* p, (16)

for some positive constant C = C(«) foral k < a.

Let usintroduce some notation. In the course of the proof of thistheorem, we
will often need to deal with collections of positive integers, where those positive
integers are not necessarily distinct. It isthen natural to group the equal numbers
together, thus representing the collection as

(t, W, h) = (1, wi; ... ; ty, wy; h) € N2+

Bull Braz Math Soc, Vol. 34, N. 3, 2003
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whereall 7;-sare different, w; can be viewed asthe number of repetitionsof ¢ in
the collection, and % is the number of distinct elementsin the collection. Now,
given the collection (t, w, i), denote

pt.w, by = 1

q)(tv W? h) = tiuld whdpl‘l ptha

Zi(t,w,h) = (Z)"---(Z])",
1w = E(Zit.w, h)| Zo=e).

We will write (t, w, i; 8) when it is necessary to keep track of the total num-
ber of elements 8 = Y/_, w;. Also, let ,, be the o-algebra generated by
20,21, -+ s Zm-

Lemma 3.1. For A small enough we have
" (lkm < K" Yo, k, y; a), (17)
where C > 0and K > 0 depend only on «.
Proof. We prove the lemma by induction. For n = 1, using (16) and the
independence of 17 for different j, it can be easily seen that
Wiy < CHO(LK, v ) (18)
if CA < 1.
Suppose that the lemmais proved for n — 1. We have
Wi = E(E@DM | Farn) - €@ | Farn) (19
= E(A1---A,),

where A,, = E((ZlmYon | Fim),m=1,... ,y.
Let us estimate A,,.

A = E@"™ | Ful1)
ls m l m
= E@p™ 4+

n—

g G O (20)

ki Sm Um,i
_ E E E E 1_[ (tm islm)
sm=1 (U, Up . Smskm) j1= (]lﬂ B=1,....um 1), s i=1p=1
Jam —(/Am B> B= 1 <sUm, xm)
km Um,i

- ¥ ¥ % [Iell” @

sm=1 (to U s Sims km)]l»~-- ]Am i=1 :
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k"l
< C)\.lllzndplm Z Z <P('[, u, S, km)Zn—l(t, u, Sm; km)

Sm=1 (U sSm s km)

Thelastinequality holdsbecause E(n 1" - - - %y < Caut/ 1" p,, (asthe

Um,i
(tm.islm)

n- are Poisson random variables with mean A7y (i + 1) < 2/mahtl 18
and with possible repetitions), and the number of summands in the third sum
in(21)isZ,_1(t, u, s,; k).

$1
E(A41---4,) = (CH"®( Kk, y)

Z Z @(ty, Uz, s1) - @(ty,, Uy, 5,)

V1 QU S,

l<s,<k, 1<m<y

XE(Z,—1(t1, U, 1) - - - Z,—1(t,, Uy, 59)) (22

< Gl kM@ Y wl @€ W ) (23)
(t,wW,h;a)

< Cr®(,k,y)M(x) (24)

x> et w, hi )K" A(CR D (t, WL b )

(t,W,h;a)
= (CV"i*0(. K, YI)M@K"™> > O, 2w, h; ).

(t,w,h;o)

To pass from (22) to (23) the terms with the same t-sand Z,,_1-s were grouped,
and on the passage from (23) to (24) the induction assumption was used. The
constant M («) isdefinedinthefollowingway. Let M (t, w, &; «) bethe number
of ways to decompose

(t,wW, h; o) = (t1, was ... 5 by, Wy h; @)
into (t, Uy, s1), ..., (t,, u,,s,), where
(tg, Ug, So) = (to,1, Ug,15 - - - 5 19,595 Ub.505 S0)

suchthatforany 8 =1,..., h wehave

Z Up y = Wg.

0,x:1p=tg x
Put

M(x) = max M, w,h; ).
(t,w,h;x)

Bull Braz Math Soc, Vol. 34, N. 3, 2003



430 M. V. MENSHIKOV, S.YU. POPOV and M. VACHKOVSKAIA

AsM(t,w, h; «) infactdependsonly on (wy, . .. , wy) andthenumber of distinct
collections (wq, ... , wy; ) isfinite, M («) isfinite aswell.

Now, we have
o
2w1d 2 d
S T DD DD O B A
(t,W,h;a) h=lW:Z,h=1wi_a

(25

o
=> Y Ep*.Ep? = L(a) < o,

h=1y: Z?:l wi=a

asEp?? < oo (to seethis, take the term corresponding to 2 = 1in (25)). Thus,
taking K = M («)L (), we complete the proof of Lemma 3.1. O

Now we want to find away to estimate quantities of the form

E(Zjl

ni

- ZJ). (26)

Grouping equal values of n, let us rewrite the collection (n;;i = 1,...,®)
as (ma, y1; ... M, Y53 8), my < ma < --- < my. Herey; isthe number of
nj=m;in(n,...,Nng), 0y ;_1ys =c. Let

(jl’ ey _]Ol) - ((Jl7 ul9 Ul; Vl)’ LA | (jSv uSa US; yS))7
where
Gis Uis i3 %) = (i, Wids -5 Jiws Uirys Vi3 Vi)-

Here uy,, isthe number of terms Z;2 in (26). So

N

Vg .
E(Zil. Zﬁ) — HHE((Z#Z;X)M{J,X

9=1 y=1
= E(Zm]_(jlv us, Ul) T Zm;(js’ us, Ux))~

Lemma 3.2. For A small enough

E(Zml(j 1, U1, Ul) e st(jsv Uy, Us))

27
< (CA)™ K™ %D (jq, ug, v1) - - D]y, Us, vy). @)
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Proof. We prove the lemma by induction in s. Note that the case s = 1 was
studied in Lemma 3.1. We have
E(Zml(jla usj, vl) te me (js, us’ Us))
= El(Zn,(1, U, v1) -+ Zpn,_y (5—1, Us—1, V5-1) (28)
XE(Zm_v (js» us, vx) | .Tm_vfl)]

=< qu)(]sa Us, US)M((X)E[Zml(j]_, us, vl) te ij-,l(js—l, Us—1, vs—l) (29)
XY ot Wy by ) Z -1 (t, Wa, s )]
(t1,W1,h1;5)
= C)\.M(Ol)cb(];, Uy, US)E[E(Zml(jla usj, Ul) e stfl(js—lv Us—1, US_]_)(SO)
X Z o(t1, W1, h1; ¥) Zm,—1(t1, W, h1; ) | Fm,—2)]
(t1,W1,h1;5)
= CAM(a)®(j, Us, v)E[Zy, (1, U1, V1) -+ Ziny_; (51, Us—1, V5—1)  (31)
x Y (s, Wi, by YOE(Zp, - 1(t, Wa, has 1) | Fn,—2)]
(t1,w1,h1;v5)
=< CKM(O[)@(JS, Uy, US)E[anl(jl’ usj, vl) e stfl(js—l’ Us—1, Us—l) (32)
XY p(te, Wy, has y) @ (t, Wi, By )
(t1,W1,h1;ys5)
XCAM(a) Y (ta, Wa, ha: ) Zu,—a(t2, Wa, ha: )]
(t2,W2,h2;vs)
< (CO2M(@)*P (s, U, V)E[Zpy (1, Uz, v1) -+ Zyn,_; (-1, Us—1, V5—1)

XY pta Wa, hot 1) Zn,—2(ta, Wa, 2t )]

(t2,wW2,h2;vs)
x Y Dt 2wy, hy).
(t1,wW1,h1;v5)

The passage from (28) to (29) isjustified by (23) together with the remark that
E(Zn—l(ta w, h) | fn—l) = Zn—l(t7 w, h)

(recall that 11"V ) = EZ,-1(t, W, h)). Asy, < a, we have (cf. (25) in the

proof of Lemma 3.1)
Z @ (ty, 2wy, hy) < L(ar) < 00.
(t1,W1,h1;5)

Continuing in this way, we get that (to save the space, abbreviate Ny := m, —
ms—l)

E(Zml(jl, Ui, vy)--- L, (jss Uy, vy))
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s—1

(CONs (M (a)Ns (L(oc))Ns—ld)(jx, Uy, v‘Y)E[ H Zmﬁ(jﬂ, Ug, vg)
p=1

XD e W ) Zong (s Wi i )

(tng WNg BN 3 Vs)

> @M M @) (L@)N oy, s, v)

(tng W NG 5 ¥s)

s—1
XE[( 1_[ Zmﬂ(jﬂs uﬂa Uﬂ)) Zm_y71<(js—1s uS—lv US—].) + (thv WNS9 hNés yS))]
p=1
XQ(tN,, WN, AN Vs)
> @M@ (L), U, v)
(N WNs N 3 Vs)
X(Ck)n‘lxileS7l_liadq>(jl’ ul7 Ul) e QGS*Z’ uS*Za vS*Z)
XD ( (g1, U1, 5-2) + (s Wi, B 7))t Wi s )
> €N M @)V (L) (. ug. vp)
(tvg ;Wi ing s Vs)
X (CR)™ K™D (g, ug, v1) -+ D (2, Us—2, v-2)
Xq)(js—ls uS—lv Us—l)q)(thv WNsv hN37 ys)(p(thv WNS-s thv )/S)
(CL)™ (M (@)™ (L(a)) ™~ HK ™11
X ®(jq, Uz, v1) -+ P(js, U, V)
XY @t W B )@, Wi g vs)

(tNg Wy ,hNAv 3Vs)

(CA)™ K™% P (jq, ug, v1) - - D, Us, V).

Here we use the induction assumption, the multiplicativity of Z(-, -, -) and
d(., -, ), andthefact that, asy, < «,

Z Oy, Wa,, hng; v) @y, Wa,, b, ¥s)

(g Wi NG 3 Vs)

= > @y, 2wy, hy,) < L(@).

(tvg ;Wi ing s Vs)

Asbefore, K := M(a)L (). Thus, Lemma 3.2 is completely proved. O

Since [U@©0)| < >°°2, > 2jZ1, now it only rests to estimate, with the
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help of Lemma 3.2,

E(XYiz) = @ Y e E@R -z (33)

n=1 j=1 n1< <na
Ji.-

Z D R

mi<..<ms (J1 Uz, vr)
1<s<a =1,...5

XE(Zml(Jl: usj, Ul) e st(jh Uy, Us))
Cli .ad Z (C)\’)ms Kms

mi<..<mg
1<s<a

U Uy . .
x> @G U vy) - @Gy, Uy, vy)

(usur,vp)
1=1,....,s

C” Z (CKA)™s

mi<..<mg
1<s<a

A

IA

IA

IA

C// o0
= = > am*(CK)" < o0
m=1

for . < (CK)™1, where C’ and C” are positive numbers which depend only on
o. Here we used the fact that

Ul Uy .
E .] : ]l ylqu(Jla Uz, Ul) qD(JS’ us,vs) < o0,
(1,ur,vp)
1=1,....,s

which can be easily proved analogously to (25). Thus, the proof of Theorem 1.2
is completed. O

Remark. Let N(U©(0)) be the number of points in the cluster U®(0) and
|U©(0)| be the volume covered by the cluster. Then, in the same way it can be
proved that if Ep?*¢ < oo, then for A small enough we have E(N (U@ (0)))* <
oo and E(JU @ (0))* < oo (substitute j Z; in (33) by Z; intheformer, and jZ;,
in the latter case.)
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